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T E M P E R A T U R E  F I E L D  OF A P A R A L L E L E P I P E D  

W I T H  A L O C A L  E N E R G Y  S O U R C E  

G. N. D u l ' n e v  a n d  I~. I .  E r m o l i n a  UDC 536.24.02 

There  is an approximate analysis  of the s teady-s ta te  t empera tu re  field of a parallelepiped 
on one of whose faces there is a local energy  source .  A pract ical  calculat ion scheme is 
proposed,  and its a c c u r a c y  is evaluated. 

We consider  a parallelepiped on whose upper face there is an energy source of rec tangular  shape; 
the fact i tself does not dissipate  e.nergy in the surrounding medium. At the opposite face there are bound- 
a r y  conditions of the third kind; the la teral  faces of the paral lelepiped are  insulated (Fig. 1). P rob lems  
of this type a r i se  in many applications,  p r imar i ly  in mic roe lec t ron ics .  There a re  no fundamental difficult- 
ies involved in analyzing the t empera tu re  field of such an object, but the complexity of the result ing equa- 
tions makes  them difficult to use in pract ice,  so that it is neces sa ry  to use instead the comparat ively  s im-  
ple calculation methods worked out for par t i cu la r  Cases [1, 2]. Accordingly,  there  is a need for an approxi-  
mate solution method which would provide the n e c e s s a r y  accuracy  in the f i rs t  approximation and whose 
equations would be comparat ively  simple.  One such method is the so-ca l led  general ized Kantorovich 
method, whose basis is given in [3, 4]. Below we use this method to solve the probtem formulated above, 
and we point out a way to simplify the calculation equations without reducing the i r  accuracy .  

The mathematical  formulation of the problem for the case in which the source is the central  position 
reduces  to the solution of the differential  equation 

02N OW 02N -- 0 (1) 
~" ~ + ~ -b -~  + oz ~ 

with the boundary conditions 

ONox x=o = 0; 0__~Noy v=0 = 0; --oxON x=l = 0; --oyON Iv= 1 = 0; 

[ ~ O X  -7- Bi N ] z=l = 0; ONo_~ z=o ---- 1{6~} 1 .  {6u}; 

1, Ii1~<6i/2, i = X ,  Y. 
1{6i}= O, li1>6~/2, 

Here we have used the d imensionless  p a r a m e t e r s  

N =  ~ �9 X =  2x . y 2g . Z - -  z . 

q~L 3 L 1 L~ L 3 

= r )2 ( 2L3 Bi- -  l_ ,;  = - -  
~ t--i-f, ; ~ = t  L2 } ' - 2 - ;  6== L1 

(2) 

L~ 

(3) 

According to the genera l ized Kantorovich method this problem is equivalent to that of minimizing the func- 
tional [4] 

I 1 I 1 

JIN]= ; Sur { e x C ~ j  _}_ % L_~_~_) _7_ __~__] jdYd ' ' i ON \ '  i ON ',1. (d  N ~'1 -t-~ ~BiNpz=ldXdY-}-2j.rl{Sx}l{Sy}N,z:odXdY, (4) 
O 0 0 0 0 0 0 
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Fig. 1. Para l ie lepiped with a local source.  1) x, y E i / i x / 2 ] ; 2 ) x , y  
~" [l, x l J .  

where the unknown function N can be approximated by 

N ~ N (X) M (Y) Q (Z), (5) 

and the coordinate dependences N(X), M(y), and Q(Z) a re  determined by the averaging method of [5]. 

With the same goal in mind, we subject  Eq. (1) and boundary conditions (2) to the averaging ope ra to r  
1 1 

Ivz iN] = ~ .t" NdYdZ = < N~z(X) ) , (6) 
0 0 

Finding an o rd ina ry  di f ferent ia l  equation for  <NI Z (x)>: 

d "2< N~,z(X)> _(p~)2 <N'{,z(X)> = - -  6. l{Sx}" (7) 
dX ~ e~ 

Here  the boundary conditions are  

d (NIVZdx(X) > x=o= O; 

and we have adopted the notation 

d<Nvz(X)> [ = 0 ,  (8) 
dX Ix=, 

ex (p~)2 = Bi Sz, 
1 11  

S N (x, r, Z),z=/V SJ'~ (x, v, Z),z=,dxev 
~l ,z  . ~  - 0 ~ O 0  

< N~z(X) > - " '  S.[.[N(x, ~', z )dxdvdz  
0 0 0  

The coefficient Cz is a measu re  of the deviation f rom a uniform t empera tu re  field along the z axis .  

Under boundary conditions (8), the solution of Eq. (7) is 

< N~z (X) > = ~ ~(x), 

1 shp~x(1--6x) chp~xX, ]X[.%6=/2, 
sh p~ 

q~ (x) = 
shp~5= chp~(1 - -X) ,  IXl > 6=/2. 

sh p~ 

Setting N(X) ~ (NIz(X))  in (5) and substituting the resu l t  found for N into (4), we find [5] 

1 1 1 1 

�9 0 O 
0 0 

(9) 

(lO) 

(11) 

(12) 

(13) 
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Fig.  2. The  funct ion  r = ~P(Si, ki)" 

s (Y, z) = M (}9 Q (Z); 

1 

a1= t<N z(x)>]'ex [ 
0 

I 

0 

1 

a~ = j" l {6~} < N~,z(x) > dX= 8____~_~ ,V~. 
~= (pl) ~ 

0 

(14) 

(i5) 

Here S(Y, Z) 
p r o b l e m  

is the funct ion which m i n i m i z e s  funct ional  (13) and is the solut ion of the bounda ry -va lue  

O~S 02S a, S = O, (16) 
~ - - ~ -  + Oz  ~- a~ 

OS [ = 0; OS = O, 
OY _Y=O - ~  Y=l 

- ~  § BiS ---- 0; OS . . . .  l{6x}. (17) 
Z=I ~ a l  

Accord ing l y ,  the o r ig ina l  b o u n d a r y - v a l u e  p r o b l e m  in (1), ( 2 ) , r e d u c e s  to the two-d imens iona l  p rob lem 
in (16), (17) ,  to solve which we aga in  use the a v e r a g i n g  method .  

The appl ica t ion  of o p e r a t o r  

1 

Iz[Sl = S s(Y, Z)dZ = < M~'(Y) > (IS) 
0 

to Eq. (16) and the boundary conditions (17) yields 

d ~ < M~' (Y) > _ (p~,)2 < M~'(Y) > -- as I _  1 {6u}, (19) 
dY ~ a 1 % 

d < MIZIdY (Y) > v=0 = 0; 4 ( MIz IdY (Y) > " r=i = 0. (20) 

A so lu t ion  of Eq. (19) compat ib le  with boundary  condi t ions  (20) is 

< M~, (y) > = a3 I 
ax e u (p~,)2 ~ (r)' (2 I) 
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Fig. 3. Comparison of the exact  (solid curves)  and approximate  (dashed curves)  methods of 
solving the problem for  the case L2/L 1 = 1 and for  values of 6x/6y f rom 1 to 10. Bi = 0.2. 
a) L3/L 1 = 0.05; b) L3/L 1 = 0.1; e) L3/L 1 = 0.2. 

[ 1 - -  shp~i(1--6Y) chp~{Yi IY]<6u/2, 
shp~I " '~ (Y) = ] 

shp~'fu ch p~' (l -- V), IYI>6J2, 
sh p~' 

ey(py ) =Biapz-}- - -  =Bi@, 1-}- r ] " 
ax 

(22) 

(23) 

Accordingly,  the approximate solution of this problem is 

N (X, Y, Z) = < N~z(X) > < M~z r (Y) > Q (Z).; (24) 

If we use a different averaging order [if we first apply the operator IXZ to Eq. (1) and then apply the opera- 
tor I z to the resulting two-dimensional differential equation], the solution turns out to be analogous: 

N (X, Y, Z)= <N~z'(X)> < M~xz(Y) > Q(Z). (25) 

Equations (24) and (25) differ only in the structure of the parameters Px and py. Analysis shows thatthe param- 
eter p corresponding to the coordinate function determined second [p~t for Eq. (24) and ~i for Eq. (25)] 

- -  / L  

gives the temperature dependence in this direction more accurately. We can thus write the unknown func- 
tion as 

N= <N H(X)> <M H(Y)> Q(Z). 

To determine the function Q(Z) vce substitute (26) into (4) and integrate the latter over X and Y; in this 
manner we reduce the problem to one of finding the minimum of a simple integral: 

(26) 

J [q (Z)l = 

0 

1 1 

bxxblu ~ - - - d ~  ( dQ (Z) ]'~ dZ~. ~' (blxbzy, -~ blvb~x ) Qs'(Z) dZ 
0 

-',.- 2baxbsu Q (Z)Iz= o -}- bl~bly Bi Q~(Z)lz=l, 
1 

f 1 ,,~n b,~ = [ ( Rz (i ) > ]~ di = ~ ,,q~, 
�9 v~ 
0 

I 

b~i=e~ [ < R z ( i )  ) ] d i =  6~ 2i , 
0 

I 

1 n 
bal = l{St) < R z (i) > di = 81 C~3~ , 

0 

(27) 

(28) 

(29) 

-(30) 

i@[X, Y], < R z(X) > = < NI z'(X) > , < R z(Y) > = < MIzI(Y) > . 
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The function Q(Z) which min imizes  functional (27) mus t  sa t i s fy  the equation 

d~Q (Z) p~ Q (Z) = 0 
dZ 2 

dQ(Z) ] z I dO.(Z) z:o t / ~  § Bi Q (Z) = = 0; - - d Z  --- - -  

2 b~ b~__L . 
P~ = ~ + bly 

and the boundary conditions 

The solution of this equation is  

Q ( Z ) _  1 b3~bay r 
P, blxbly 

(P (Z) = ( pJBi  § th -t- --Bi p~ thp~ th pzZ) ch pzZ" 

Substituting the exp re s s ions  for  <N~(X)), (M~(Y)), and Q(Z) into (26) 

In turn,  we have 

~)II~i)II 

N-- ~ 3~! ~(X)~Og~(Z~. 
Ou(DII Ix lg Pz 

= P~ ~ i ,  p} �9 s h  p~ 

q~l~ = @ {3@~__61 § 6i shp~ I ( l -  26i) 
sh p~' 

- = 3t -- 1~, 

II and the e x p r e s s i o n s  for  pI:, py 

whe re 

ba~bay ; 
bxxblu 

, and using (28)-(30), we find 

--2 II~ } sn p~ o i 
+ sh ~ p]' ' 

, Pz '  and Cz' a re  according  to Eqs. (23), (33), (28)-(30), (9), and (10), 

ex (px j = 

o . I I ,o . r l I  II  2 II p~ = e~ (Px)'ff~ - -  1) '-- e (py) (fy - -  1), y 

(Z)lz=~ p~ 1 

Bi P~ sh p~ - -  1 j" ~ (Z) dZ ch Pz ~- 
' Bi 

0 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

3i  
f~'- q/, q)i 

~-~ ; /r (44) 

I II with p~I replaced  by p I .  The analyt ic  exp re s s ions  for  O3iand r a re  like those for  ~ and (bli 

Accordingly,  we have found an expres s ion  for  the d imens ion le s s  t e m p e r a t u r e  N and equations for  all  
the p a r a m e t e r s  which appea r  in this express ion .  However ,  it is  quite labor ious  to c a r r y  out calcula t ions  
on the basis  of these equations.  The p r i m a r y  difficulty l ies  in the de te rmina t ion  of the p a r a m e t e r s  r  and 
the need to solve the sys tem of t ranscendenta l  Eqs .  (40)-(43), which re la te  the p a r a m e t e r s  Px, Py, Pz and 
r A s imple  i t e ra t ive  method is usual ly  used to de t e rmine  them. 

To improve the accu racy  of these equations and to s impl i fy  them we take the following approach We 
define the complex f I I f I I  in such a manne r  that the resul t ing solution sa t i s f i es  the hea t -ba lance  equation at 

x Y 
the sur face  z = L3: 

11 

aL1L~z=L = P; ~lz=L~ -- ~ , o o 
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C a r r y i n g  out the in t eg ra t ion  and the n e c e s s a r y  a l g e b r a i c  manipu la t ions  we find 

Pz shp~, 

and thus  

N = Ic z. + - - ~ /  ~ (X) ~ (Z):~ (Z). (45)  

A n a l y s i s  of ft a s  a funct ion of its p a r a m e t e r s  shows that  the quant i ty  fII d i f f e r s  l i t t le  f r o m  fI. in the l imi t  
~i - -  1 we have fi = 1, while  in the l imi t  6 i ~ 0 we have  l 

tim ]:i = 2 2k~ - -  1 + exp (--  2k~) 
.~i~o 4k~ - -  3 + (2k i - -  3) exp (--  2ki) ' 

whe re 

In t u r n ,  we have 

2L 3 k i =  l;Bi~z ; A~= (46) 

lira f, = 2. 
6f~O 
Ai-~0 

Figu re  2 shows ~ as  a funct ion of the p a r a m e t e r s  k i and 5 i. Cu rve  1 is found f r o m  (46). All the 
c u r v e s ,  c o r r e s p o n d i n g  to v a r i o u s  va lues  of  5i, g r a d u a l l y  approach  curve  1. This  d i a g r a m  g r e a t l y  s impl i f i es  
the ca lcu la t ion  of the p a r a m e t e r s  which a p p e a r  in the e x p r e s s i o n  fo r  N. 

Ana lys i s  shows that  the value of r z) obtained a f t e r  the s u c c e s s i v e  a p p r o x i m a t i o n s  is  a p p r o x i m a t e l y  
the s a m e  as  the ini t ia l ly  speci f ied  va lue  r  

2 + Bi  (47) 

Le t  us outl ine the o r d e r  for  ca lcu la t ing  the d i m e n s i o n l e s s  t e m p e r a t u r e  N. 

1. F r o m  Eqs .  (3) we ca lcu la te  5 i, X, Y, and Z; f r o m  Eqs .  (46) and (47) we ca lcu la te  Ai, ki, ~z" 

2. F r o m  F ig .  2 we d e t e r m i n e  the va lues  o f ~  i f o r  the ca lcu la ted  va lues  of k i and 6 i. 

3. F r o m  Eqs .  (40)-(42) we d e t e r m i n e  Px, Py, Pz- 

4. F r o m  Eqs .  (12) and (22) we ca lcu la te  the coord ina te  func t ions  ~(X) and ~(Y); f r o m  (35) we ca l cu -  
la te  ~(Z). 

5. F r o m  Eq. (45) we d e t e r m i n e  the va lue  of  the d i m e n s i o n l e s s  t e m p e r a t u r e  N at the point under  con-  
s ide ra t  ion. 

The r e s u l t s  of ca l cu la t ions  of the d i m e n s i o n l e s s  t e m p e r a t u r e  N fo r  the cen te r  of the sou rce  by this 
p r o c e d u r e  f o r  the c a s e  Bi = 0.2 and L1/L 2 = 1 a r e  shown by the dashed  c u r v e s  in Fig .  3a,  b, and c. Also 
shown in th is  f igure  (solid cu rves )  a r e  the r e s u l t s  ca lcu la ted  by the exac t  method [1]. 

The quant i ty  plot ted a long  the o rd ina te  is N/Np,  where  Np is the d i m e n s i o n l e s s  t e m p e r a t u r e  for  a 
s o u r c e  with d i m e n s i o n s  equal to those  of the base  of the para l le !ep iped .  

C o m p a r i s o n  of the ca lcu la ted  r e s u l t s  shows that  with L a / L  I <-- 0.1 and 6 i - 0.1 the d i s c r e p a n c y  b e -  
tween the r e s u l t s  does  not  exceed  10%. At L3 /L  1 > 0.1 and 5 i < 0.6 the d i s c r e p a n c i e s  a r e  l a r g e r ,  r each ing  
50% at 6 i < 0.2. The r e a s o n  f o r  t he se  l a r g e  d i s c r e p a n c i e s  is the p ronounced  nonun i fo rmi ty  of the t e m -  
p e r a t u r e  f ield f o r  pa ra l l e l ep ipeds  with s ides  r e l a t ed  in th is  manne r .  

ll,12 
L 1 , L 2 , L 3 
k 
O~ 

P 
t, t c 

N O T A T I O N  

a r e  the d imens ions  of the sou rc e ;  
a re  the d i m e n s i o n s  of the pa ra l l e lep iped ;  
is the t h e r m a l  conduct iv i ty ;  
is  the h e a t - t r a n s f e r  coef f ic ien t ;  
is the power  of e n e r g y  s o u r c e ;  
a r e  the t e m p e r a t u r e s  of the ob jec t  and the su r round ing  m e d i u m ;  
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6~= t - t  c 

N = ~'~./qsL3 

qs = P/z~2 

is the superheat ing;  
is the d imens ion less  tempe ra ture ;  
is the heat flux. 

! ,  

2. 
3. 

4o 
5. 
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